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Equations (4.4) show that for i > 0 the series (4-l)-(4.3) can be differentiated term 
by term an innumberable number of times, forit = 0 once. All derivatives with respect 

to o,, (t) starting with the second tend to infinity as t 3 0. Separating the principal 

terms for t-+ 60 in series (4,1),(4.2) and (4.3) we establish the following. If roots &: 
and km are outside of the interval (cl, 0), the sphere passes through the equilibrium posi- 

tion odd and finite number of times, or an infinite number of times. If roots kai and km 
belong to the interval (iI, 0), then the sphere does not pass through the position of equi- 

librium but only approaches it monotonically and indefinitely with an angular velocity 
which does not become zero for t > 0. 

We note that this derivation applies also to the analogous problems of small rotational 
or lon~itud~al oscillations of an elastically coupled rigid plane in a viscous fItsid. boun- 
ded by stationary walls which are parallel to the oscillating plane p], or of an infinite 

cylinder in a fItrid bounded by a stationary coaxial cylindrical wall. The analysis for 
the infinite cylinder does not differ substantially from the one carried out in this paper 

and leads to the same basic conclusions. 

BIBLIOGRAPHY 

1. Maxwell, J. Clerk, On the viscosity or internal friction of air and other gases 

(Bakerian Lecture). Phi@. Trans., Vol. 156, 1866. 
2. Verschaffelt, J, E, , The rotational oscillation of a sphere in a viscous liquid. 

Communications from the Physical Laboratory of Leiden by H.Cammerling 
Onnes, Np148 b, 1915. 

3. Ivanov, A. B., On the motion of a rigid plane in a viscous fluid under the action 

of a longitudinal elastic force. Vestn. Leningr. Univ. , ser. matem., mekhan. i 

astronomii, Npl.9, Issue 4, 1964. 
Translated by B. D. 

CO~~SSON OF ~S~TS OF AN TRYSTS OF TR~SI~T 

WA'VES IN SHELLS AND PLATES BY ELASTICITY THEORY 
AND APPROXIMATE THEORIES (*> 

PMM Vo1.33, Nn2, 1969. pp. 308-322 
U, K. NIGUL 

(Tallin) 
(Received September 19, 1968) 

Transient strain wave propagation in elastic shells and plates caused by an effect (appli- 
cation of loading, communication of displacements or velocities) which grows to a maxi- 
mum or exerts influence in a time interval less than the time of strain wave traversal of 
a path equal to the characteristic dimension of the middle surface is considered on the 

*) Material of a paper expounded by the author in two reports to the Third All-Union 
Congress of Theoretical and Applied Mechanics (Moscow, Jan. -Feb., 1968), and summa- 
rized in a report to the XIIth International Congress of Applied Mechanics (Standford, 

August, 1968). 
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basis of linear theory. A brief survey is given of results obtained recently, and domains 
for a well-founded and effective applicability of methods of integrating the linear ela- 
sticity theory equations, approximate equations and methods of integration and methods 

of integrating approximate equations are exposed. These domains depend on the type of 
effect, and on the law of time variation of the effect. 

1, Intro d u c t f on. Let us consider transient shell and plate strains within the scope 
of linear elasticity theory. 

According to elasticity theory the domain of application of an effect emerges as the 
source of primary elementary waves, which being reflected from the side surfaces, result 

in the appearance of a complex system of elementary waves. A complete, separate de- 

scription of the rapidly increasing quantity of elementary waves is impossible in practice. 
Hence, two aspects corresponding to the following goals are being developed in theoreti- 
cal investigations: (a) the determination of the location and intensity of elementary 
wave fronts, and (b) the approximation of the total contribution of elementary waves by 

the smoothing of all or almost all the elementary wave fronts. Among the latter are all 

methods of analyzing transients based on approximate plate and shell theories. 
An attempt is made below to utilize existing results to clarify the domains of well- 

founded and effective applicability of methods of integrating the elasticity theory equa- 

tions, approximate equations, and methods of integrating the approximate equations. The 
main attention is hence paid to axisymmetric problems of the deformation of shells of 
revolution without singularities, as well as to ax~mme~ic and plane strain problems of 

plates under various local effects. Some remarks on other kinds of effects are presented 
at the end of the paper. 

In posing the question of the applicability of approximate methods it is necessary to 
agree on which quantities to evaluate (norm of the accuracy estimate). It is assumed 
herein that displacements and their first derivatives, or quantities evaluated in terms of 
them without differentiation (stresses, say), will be desired quantities. 

2, Msthodr of rnrly#lr, The existence of recently published survey papers 
[l and 23 permits elimination of a detailed description of the methods. Hence. we shall 
utilize the appended diagram I and explanations wherein are listed all, insofar as the 

author knows, published and applied methods ; we present an interpretation of Diagram, 
and also mention some subsequent results. 

Let us note that one designation on the diagram actually combines an aggregate of 

methods which are similar in idea. Specific results of transient analysis in the literature 
refer to shells of revolution and plates, which certainly indicates the preeminent value 
of these objects in engineering, Meanwhile, the great mathematical difficulties origina- 
ting in the case of objects of more complex configuration, should be noted. Primarily 

axisymmetric and plane problems are investigated, for which the time t, a coordinate 
a on the middle surface, and the normal coordinate z will be the independent variables. 
Moreover, some problems for which a sinusoidal dependence of the desired quantities on 
the other coordinate f3 on the middle surface is given_ will he examined 
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A&e&erg [15J investigated resonance phenomena in a cylindrical shell subjected to an 

acoustic pressure wave incident at an angle to the axis by reducing the problem to the 
analysis of cyclically symmetric problems. The axisymmetric deformation of two-layer 
cylindrical and spherical shells subjected to a smoothly distributed load has been exam- 
ined by Rakhmatulin et al. 1161, and a single-layer spherical shell in 11’7 and 181. 

The methods I-7 (see Diagram) have been applied to the approximate integration of 
the elasticity theory equations in specific problems. 

Methods 1, 2 are geared to a separate analysis of the elementary waves, and are uti- 

lized primarily in the case of plane layers In theoretical seismology. They permit a 
practical determination of the location and intensity of elementary wave fronts, as well 
as obtaining some information on the states of stress in narrow zones near the fronts. 
Moreover, method 2 is a sufficiently effective means of analyzing dynamic compliance 

in the domain of application of a local effect. Basic ~vestigations on elementary wave 
formation in layers were performed in the thirties by Smirnov and Sobolev [X9 and 201, 
and Vekua yZl]. Petrashen’ @ and ‘7-J and V. M. Babich (*) performed great services in 
developing methods i and 2 . Very interesting results are presented by Rosenfeld and 
Miklowits [8). as well as in earlier papers @2-311. 

The methods 8 and 4 are based on a preliminary decomposition of the wave process 
into modes. Hence. extensive ~formatl~ accumulated in the literature on the study of 
dispersion relations is utilized in applying them {see the survey papers &4 and 32-J). 

As a rule, however, the application of methods 3 and 4 demands an additional study of 
the modes, Method 3 actually combines a complex of asymptotic methods of inverting 
contour integrals on the rays tfa = const as t + go , These methods have been utilized 

in problems to analyze rods f33- 383 and plates [39-423, and also, recently, in some prob- 
lems to analyze cylindrical shells, including the papers of Aizenberg and Slepian [14] 
and Aizenberg [lS& The method 4 was proposed in [8] for plates in order to clarify the 
contribution of the individual modes to the formation of the fundamental dfscontinuities, 

and to analyze the state of stress near them for large times. Consequently, possibilities 

have been established for approximating discontinuities by using approximate theories 

of plates. 

It should be pointed out that the application of methods 2-4 is possible in those 
problems in whichone succeeds in finding a suitable kernel of the integral transform with 

respect to the coordinate a. In view of this the double integral transforms until the pre- 
sent were used in case of bars, plates, cylindrical shells and spherical shells. Until recent- 
ly a methodology existed of its application only for a definite type of mixed boundary 
conditions. Recently in a paper Miklowitz [43f suggested a meth~olo~ for cases in 
which either displacements or stresses are prescribed in a cross-section. Thus the range 
of applicability of the methods 2-,4 is increased. In view of the large efficiency of 
the method 3 . attention should be paid to the development of a method of direct con- 
struction of solutions along the rays ,t/a = con& with asymptotes t + 00 which are not 
based on the application of integral transforms and is applicable in the analysis of axl- 
ally and cyclically symmetric deformation of shells of revolution of arbitrary shape with- 
out singular points. In addition to seeking such solutions by themB method, the idea of 

*) Geometric optic methods in the theory of nonstationary waves and fundamental solu- 
tions of hyperbolic equations. Doctoral Dissertation, Novosibirsk, 1961. 
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averaging deserves attention here, which is used, for instance, in papers (44 and 453 in 
the case of quasi-linear equations of second order. 

The methods 1; 2 permit practically to determine only the intensity of fronts of indi- 
vidual elementary waves, while methods 3, 4 are efficient for large t ; therefore a sum- 

mary approximation of the wave process during the initial stage of motion is of great 
interest with the aid of finite-difference and variational methods of integrating the equa- 

tions of the theory of elasticity which guarantee the conservation of essential discontinu- 

ities of thesolution. 

Among the finite-difference methods until now the method of three-dimensional me- 
shes 5, has been factually used, which takes into account the most essential discontinu- 
ities of the solution which are exhibited analytically and which is using recurrence for- 

mulas for the solution of systems of algebraic equations arising from boundary conditions. 
This method was advanced for plates in [9] and was later used in the case of cylindrical 

shells in [lo- 121. The finite-difference method of integrating the equations of elasticity 
theory has also been applied recently to the case of a finite cylindrical bar in ~461. 

The introduction of methods utilizing variational principles, particularly the principle 
proposed by Ainola [47], into numerical computations merits attention. 

The Fourier method 2 has been utilized in [17 and 181 devoted to an analysis of the 
reflection of a sinusoidal signal, and acoustic wave in an ambient medium, from a spher- 
ical shell. However, as will be indicated at the end of the present paper, practically 

identical results can be obtained by the Fourier method based on approximate theories 
(method 15) in the case of a signal wavelength substantially greater than the shell thick- 
ness. 

In the case of a smoothly distributed effect, it is sufficient to take account of wave 

propagation in the direction of one coordinate in applied problems, and it is expedient 

to utilize standing-wave expansions in the other coordinate (method 7’ ). Wave propa- 

gation over the thickness of two-layer cylindrical and spherical shells was investigated 
by this means, for example, by Rakhmatulin et al. [lS] by using the method of character- 
istics to solve the two-dimensional problem. An analogous idea was used by Novozhilov 
and Utesheva 14’483 in studying the dynamic torsion of a semi-infinite cylinder by using 

an expansion in the radial coordinate and subsequent analysis of the wave propagation 
relative to the lon~~d~al coordinate by operational calculus methods. 

Approximate theories constructed by reducing the tree-dimensional problem to two 

dimensions by using various methods [l and 491 of representing the desired functions as 
series in given functions of.2 occupy an important place in the analysis of transients. 

The purpose of applying approximate theories in specific problems is to calculate appro- 
ximately the coefficients of a certain quantity of the first members of the series as func- 

tions of t, a, p. Success in the application of such an approach depends on how well 
the series members taken into account approximate the wave process in the considered 
range of variation of t, a, f3. The theories of Timoshenko-type, and the similar appro- 
ximate theories in which zero and first order legendre polynomials will be the given 

functions of z , quite justifiably became very popular. 
The fundamental modifications of the utilized approximate theories and methods of 

integrating the approximate equations are listed in the diagram ; a survey of the appro- 
priate literature to 1966 is presented in [l and 21. Let us note some results of recent 

work. 
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Some development has been observed of methods to study wave processes of circular 
cylindrical shell deformation, which vary along one coordinate according to a sinusoidal 

law. In particular,Kolodiazhnyi and Filippov [50] investigated the influence of an ori- 
ented pressure wave in an arbitrary manner by using a triple integral transform(in t, a, 

p), which substantially reduces to a Fourier series expansion of the wave process in the 
longitudinal coordinate U and a subsequent asymptotic inversion of double contour inte- 

grals. Specific results have been obtained on the basis of shallow shell theory (method 

B l A similar problem has also been examined recently in (511. Regrettably, it is im- 
possible to ascertain the development of methods of analyzing wave processes for which 
the perturbed domain extends over both coordinates a, p of the middle surface, 

Mainly recently the examination of axisymmetric and plane problems was still con- 
tinued. Extensive application of finite-difference methods 1.3 within the scope of 

Timoshe~o~~~ theories has been observed. The method of two-dime~ional meshes 
of the type 13, which conserves the discontinuities found by the method 9, utilized ear- 

lier to compute plates 1,521, circular cylindrical shells [ll] and spherical shells [53 and 
543, has recently been extended to arbitrary shells of revolution ; an analysis of discon- 
tinuities in an arbitrary shell of revolution has been made in [55), and the computation 
of conical and toroidal shells in 155 and 561. Results by this method and the method 8 

have been compared for plates in [57]. The method of characteristics [58] has also been 
applied in the case of a cylindrical shell within the span of Timoshenko-type theory. 

Investigations on the basis of simpler computational models have continued. In par- 
ticular, by using the Laplace transform Malyshev [SS] obtained closed membrane solu- 
tions (the method 11) for semi-infinite and finite circular cylindrical shells subjected to 

axisymmetric endface loading (approximate solutions constructed by using approximate 
inversion methods have earlier, been known for these problems). Vardanian and Sarkisian 

[SO] have examined the impact on an anisotropic plate and cylindrical shell. The solu- 
tions for these objects have been constructed, respectively, by the Fourier method 15 in 
double trigonometric series on the basis of the Kirchhoff and Kirchhoff-Love theories 
with the series coefficients evaluated by using a Laplace time transform. The contact 

conditions have here been formulated according to Hertz theory, and the transforms of 

the Fourier series coefficients have been found as expansions in powers of a small para- 
meter characterizing the anisotropy (consequently, the influence of the anisotropy is 
manifested quite clearly). 

Let us also note the development and application of new modifications of the varia- 
tional methods 12. In particular, the method of expansion in terms of a in an expand- 

ing interval ftil-631 has been utilized widely in the case of plates. A new variational 
principle has been proposed in 1641 for the analysis of shell deformation transients. 

From the viewpoint of engineering applications, the tendency to avoid taking account 
of the influence of deformation of the structure flanging the shell in theoretical investi- 
gations should be acknowledged as a definite disadvantage. Wave reflection from the 

contour is not considered in the majority of cases ; or very idealized boundary conditions, 
which are also typical in case the Fourier method 15 is used, are prescribed on the 
contour.The report ofsenitskii [&?I] devoted to axisymmetric dynamic problems of com- 
puting a spherical shell with elastic fixing of the edges should be welcomed in such a 
background, although it has been performed in a non-wave formulation on the basis of 
the equations of shallow shell theory. Transverse forces at the edge are considered to be 



296 U.K. Nigul 

proportional to the normal displacements, and the bending moments to the angles of rota- 
tion. By uti~z~g a Laplace time transform, and a finite Hankel transform in the radial 

coordinate (method$), a general solution is obtained on whose basis specific examples 
are examined (vibrations under the effect of stationary and pulse loadings). 

S,Domain$ of effective rp- 

plicabilfty of the method8 
for axlrymmatrfc rnd plane 
deformation8 caused by l 
local loading, Let us consider 
the axisymmetric deformations of a 
shell of revolution, as well as the 
axisymmetric and plane deforma- 

tions of plates dependent on the 
coordinate a on the middle surface, 
and the normal coordinate z and 
the time t. Let E be the elastic 
modulus, v the Poisson coefficient, 
cl, c2, CR the propagation velocities 
of the compression-te~ion, shear, 

and Rayleigh waves, 2h the thickness 

of the shell or plate, % = a/ h, g = 
= z / /J are dimensionless coordi- 

nates, A = h, B (6) the Lam6 para- 
meters of the middle surface, RI, Rs 
the middle surface radii of curvature, 
u, w the dimensionless (divided by 

h) displacements.oij~(i,f = 1, 2, 3) 
the dimensionless (divided by E / 
/(lb Y)) stresses; G==& f h the 
dimensionless time, 8 the width of 
the simple edge effect zone, exactly 
the same as in statics. Let us alSO 

utilize the notation 

k 

2&(...,,++..., (3.1) 

Speaking of approximate theories, 
let us use the concept of the follow- 
ing dimensionless quantities: U, W 
average longitudinal and normal 

displacements, 9 is the angle of 
rotation of the .normal, 2’ the longi- 
tudinal stress resultant, M the longi- 
tudinal bending moment. Q the Fig. 1 
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transverse force. In a Timoshenko-type theory we assume that the shear coefficient kT 

equals kR. 

To be specific, we shall have in mind effects of the type indicated in Table 1 in the 
section E = 0, where f0 (f), fi (6) denote functions satisfying the conditions 

‘s’ loK)dS= 4 IF I< 1, ‘s f1(P)dt;=O, ~‘s’U1(~)~6=0 (3.2) 

-1 -1 -1 

The time dependence of the effect is defined in Table 1 in terms of g, (z) or g, (7) 

for each kind of effect (by either the upper or lower line). If the effect is given in dis- 

placements in terms of g, (.t), we then use the notation 

go*@)= &5 (r) (3.3) 

In conformity with the initial assumptions of linear elasticity theory, let us require 
continuity of go (z), and let us impose the following condition on gl (2) 

I&(@J<i (3.4) 
Hence gl (z) can have finite discontinuities. Let us introduce the concept of the index 

of variability of the effect h (z) in the form 

I .!a' (G I 
’ (‘1 = max 1 gl (z) 1 

where 2, denotes the duration of the effect. 

Typer of 

LT- longitudinal, tangential type ; 
LM- longitudinal, bending type ; 
NW- normal in displacements cr 

velocities ; 

(0 < r Q To) (3.5) 

effect, 

NQ- normal, of transverse force type ; 
LC - longitudinal, self-equilibrated type ; 
NC- normal, self-equilibrated type. 

Table 1 

Type 

LT 

LhI 

NW 

NQ 

LC 

NC 

i Boundary conditions at E F o 

in elasticity theory 

u.= go (4 

i 
24, lb’ 

all= g1 (Z) 

u*= c&J @I 

{ 
u, u’ 

all= &l(Z) 

u=o 

all= 0 

u=o 

all=0 

Ql=fl(t) a(4 

all=0 

w=o 
cTm=o 

Wu= 0 
613 = 0 

w = go (z) 
w’= 91(z) 

J1s=foK) g1(rl 

al.q=o 

Q13=fl(g)gl(tl 

in plate and shell theory 

u = go (z) 
u: U’ 

T = a(t) 

u=o 
T=O 

u=o 
T=O 

lJ=o 
T=O 

- 

- 

Y=O w=o 
M=O Q=O 

y = go(z) 
y’: Y’ 

M = g,(z) 
Y=O 
M=O 

Y=O 
M=O 

WV=0 
Q=O 

- 

- 

For brevity, we have in mind wave propagation from the transverse 4 = 0 section in 

the direction of increasing % up to reflection from the E = &, edge. However, all the 
results expounded remain valid for wave propagation in, the negative c direction as well. 

Let us demand absence of singularities of the middle surface, and its smoothness in the 
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following sense : 
BfO, f&a fi=%,Z) 

as well as the shell thinness 
f3.S> 

lRjl > R,,t 0’ = It, 21, Is I Ro = a <i (3.71 
To the accuracy of elasticity theory, the problem is to integrate a system of two equa- 

tions of motion which can be represented in our notation as 

where we have introduced the following notation: 

++*A+), f&dt(lf~~j, &=p+~)** P2=(439 @-9j 

Speaking of integrating system (3.8), we have in mind: (a) zero initial conditions , 

(b) the bo~da~ oddities at F 2: 0, indicated in Table 1; cc) the boundary conditions 
o18 = 0, ass .= 0 at 5 = i 1. In a Timoshenko-~~ theory and in Kirchhoff-Love theory 
me boundary conditions fbj take the form indicated in Table 1, and boundary conditions 
(c) are converted into the condftion of no distributed loading. 

Let us note that the location and amplitude of the fronts, as well as the rapidly vary- 

ing states of stress near them can be analyzed by utilizing the simplified equations(3.8), 
in which terms containing the second and first derivatives are conserved. In a first appro- 
ximation such an analysis can be carried out on the basis of still mere simplified equa- 

tiOnS a% au 1 as I --~ 
F-r % B dS 

+ $ &,’ - 2 k$ +- g (2 - k$J + 

whose coefficients have an error of order u. 
Only the coefficients of the last two me&bers in (3.10) depend on Rj . Hence, for the 

effects indicated in Table 1, the amplitudes of the fundamental discontinuity and the 
state of stress near it are independent of .Rj. For example, for effects of LT, LM type a 
discontinuity in the derivatives of g with respect to z and E being displaced with the 
velocity ci turn out to be strongest. Hence, the d~#ntinui~ in u will be proportional 

to Fk3 (0) i B (5) with error on the order of a,, and independent of Rj, while the discon- 
tinuities depend essentially on Rj. For effects of NW, NQ type, the discontinui~ in deri- 
vatives of u, with respect to 1: and $, being displaced at the velocity cs turn out to be 
strongest, Hence, with an error on the order of a the discontinuity in zu wilt be propor- 
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tional to JfB (0) / B (E) and independent of Rj, while the other discontinuities again 

depend essentially on Rj* 
A theory of Timoshenko-type is based on approximations 

n (E, 5; r) = rJ (5, r) f b‘u (E, z), ?J.J (E, 5; 7) = w (4, r) (3.11) 

INS equations of motion are constructed to different accuracy in part of the secondary 

terms. The following modification of the equations 

Li,Ut LiSyfi Li,W= 0 (i = 1, 2, 3) (3.12) 
Kh 

Lll-=P, L~s=L~=-- 
( 

I---VI 

(f% K) h 

K = kg-y-- 
I 

L1s=L91= 
[ SRI +$I% 

Lzz = -gP-K, 
a 

LB=-Kz, I,=-,(&+%) 

Las=-K 1y ag _C,_E+ qg+h?(_&_ 2u “) 
+ R&- R” 

18 a 
P”t,@3+- -g$-($Jg,“_+& (3.13) 

is justified in specifically investigated problems. 
In some cases the following assumptions are admissible : 

Lrz = La== 0, 
a la a i--v 82 

Ls=-Kz, P=-,q Bx-27$ (3.24) 

To the accuracy of the system (3.12), discontinuities in the derivatives of U, ‘I!, W 

determined approximately from the conditions PU=O, PY=O, L,,W= 0. will be fun- 

damental, respectively, for effects of LT. LM, NW type. If B varies Sufficiently slowly, 
then the functions found from these conditions are almost proportional to )/B (0) / B (E). 
In the first two cases, the strongest discontinuity is propagated with the velocity m/k,, 

and in the third case with the velocity czkT. 

A more detailed analysis of the discontinuities and the fields near the fronts can be 

carried out by method 9. Let Vi (s,E) i = 1,2,3 be the Laplace transforms, respectively, 

of U(r)+ (r,E).W(z,E). Then for RlR2B’ varying sufficiently slowly, such an analysis 
reduces to constructing the asymptotic solution, as S+CXJ , of the Laplace transformed 

system (3.12) in the form 

~%(sXJ - f&-j j=l -- 5 C (7 ~)f?-h*t")3-, Xj = kjs + + + **s %j . I 

kr =L kz = 1/(! - u)/‘2, ks = i/k,, g1-a2 gz - - 1, gs - I,... 
Here Crj (~~5) are negative powers of s multiplied by a very slowly changing function 

of 5. In the above-mentioned paper [XI], first approximations hj’= kjs were utilized, 
whereupon incorrect expressions were obtained for some of the Cij(S,E) 

According to Timoshenko-type shell theory, two waves are propagated with the velo- 

city cdk, , and one with the velocity czkT . According to membrane theory, one wave 

propagated at the velocity cdkx exists. According to elasticity theory a quasifront is 

propagated with velocity c&k, , and Rayleigh surface waves with the velocity EpkT , 

Now, Iet us present deductions obtained as a result of complex application and com- 
parison of various methods for different effects and objects. We hence have in mind the 
evaluation of the following quantities: U, u , u’, w, w , w’, qlr ma, Q. 
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On a large scale, we distinguish the following states of stress: 

I - rapidly changing states of stress of wave type, not described by using a~pro~mate 
theories and characterized by the fact that the amplitudes of U, w will be small, and the 

amplitudes of some of their first derivatives will be commensurate with their maximum 
values throughout the whole process ; 

II - states of stress described by using the Timoshenko-type theory, or simpler appro- 
ximate theories ; 

III - rapidly varying states of stress not described by utilizing approximate theories 

and characterized by the smallness of the amplitudes of u and w as we11 as of their first 
derivatives and aijt as compared with the maximum amplitudes of these quantities 
throughout the whole process ; 

IV - quasi-static Saint Venant edge effects at the point of application of the effect. 
States of stress of types I, II are of principal interest. Questions of the existence of 

these states of stress, and the selection of effective methods of constructing them as a 
fupction of the kind of effect, and the law of its time variation will be clarified by the 
use of Table 2 and Fig. 1, a-c. 

Ex1ttsnce of the #tat88 of #tress I, II, and also 
method8 for conatructlng thsm 

Case 
Time change of the 

effect 

smooth 
change 

rapid 
loading 

very rapid 
loading 

very brief 
effect 

Table 2 

Type of effect 

LT. LM, NW, NQ 

IX ; nonwave solution by 
methods 14 - 16 

11; wave solution by 
methods 8 - 13 

I and II, respective1 , in 
domains indicate dy for 
LT in Fig. la, for LM in 
Fig. lb and for NW, NQ 
in Fig. lc; here I is by 
methods I- 5 and 7, II 
by methods 8 - 13. 

LC, NC 

I; at the begin- 
ning of motion 
by methods 1,2, 
5, 7; for large 
t by methods 
1,394, 7 

I - analysis of discontinuities on elementary 
wave fronts and their rapidly changing 
states of stress by methods 1, 2, 3 

Let us turn attention to the fact that method 6 does not figure in Table 2;it is inef- 
fective in the case of local effect. 

Case 1. States of stress I are absent. The state of stress IV will be most essential 
for effects of LC, NC type. The state of stress II, whose main components will be com- 
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parable to slowly varying functions of z and E , will dominate for the LT, LM, NW, NQ 
effects. Hence, in practice it is acceptable to construct nonwave solutions by methods 

14-16. It is hence sufficient to apply the parabolic Kirchhoff-Love theory, of its simpli- 
fied modifications, in the case of shells, and the Kirchhoff theory, or elementary com- 
pression-tension theov in the case of plates. In applying approximate modifications of 
Kirchhoff-Love theory one should be guided by the same principles as in corresponding 

static problems (also see the explanation of case 3 in the section on applicability of 

approximate theories). 

Case 2. To some extent this case is analogous to the preceding case. However, the 

state of stress II has a more definite wave character for effects of LT, LM, NW, NQ type, 
and in certain ranges of variation of Z-E rapidly changing states of stress predominate, 

which require construction of a wave solution on the basis of a Timoshenko-type theory 

by methods S-13. The possibilities of replacing this theory by simpler ones, as well as 
the domains of effective applicability of the integrations methods are the same as in 

case 3. 

Case 3. This case will be most complex, and we consider it separately for different 
kinds of effects. Its limiting case z. = 0 should be understood in such a way that 

g, (4 = Cl3 (T), c = const (3.15) 

In indicating the domain of existence of the state of stress I for z % 1. we assume that 
the amplitudes of this state do not become negligibly small because of the decrease in 
1/~ (0)/B ($) (the situation is simplified in the opposite case, and becomes similar to 

case 2 as T grows). 
Let us consider the LT type of effect in the case of shells of revolution by utilizing 

Fig. la, in which the following notation is used : f - elasticity theory ; 2 - Timoshenko- 

type theory ; 3 - membrane theory ; 4 - low-amplitude oscillations (state of stress III); 
5 - Timoshenko-type theory just for the evaluation of U; A is the zone of the state of 
stress I behind the main front T = k,g, C is the zone of the state of stress I on the main 
quasi-front T’= k, f, Fis the zone of the state of stress at the beginning of the motion, 

.&’ - the zone of existence of the state of stress IV, 

According to elasticity theory, at the beginning of the motion (in the zone F) it is 
expedient to consider the solution as the sum of two components, the first of which satis- 

fies boundary conditions for E = 0 , and transfers the discontinuities to the fronts T= k&$, 

z = f, but does not satisfy boundary conditions for b = 2 1, and the second, which 
assures satisfaction of boundary conditions at 5 = f l,is the sum of primary elementary 
waves resulting from conditional sources at the points % = 0, 5 = -& 1. The first com- 
ponent, which is constant or varying slowly in the thickness of the object, dan easily be 

constructed exactly by analytic means, or with an error acceptable in practice. However, 

the domain where it exists without the second component, contracts rapidly as z grows. 
The location and intensity of the elementary wave fronts of the second component of 

the solution can be determined by methods I, 2. For a complete description of the second 
component of the solution (with the exception of some smoothing of the secondary con- 
tinuities), the most effective of the methods introduced tums out to be method 5, but 

the application of variational methods and the methods : apparently deserve attention. 
The volume of the computations by means of method 5 increases in proportion fo ~a. 

Results of an analysis of specific problems, including results of a computation to 
z/k,= 40 published in [I1 and 121, show that in addition to the main discontinuity at 
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the beginning of the motion, especially large amplitudes of the state of stress I are mani- 
fest in the region of points of emergence of the first bow waves at the approximate ran- 
ges jr, ! & (1 -z= 1, 2, 3) behind the main discontinuity along 4. However, even for 

r z 5~10 z, the state of stress I is localized in narrow zones A and C , where a Timo- 

shenko-type theory is applicable outside zone C (Fig. la). The above is also verified by 
comparing results by methods 3 and 8. Methods 1 and 4 are effective in zone A, and 

method 3 in zone C (for very large r these zones become narrow, and lose practical 

value). A Timoshenko-type theory is also applicable in the domain 5 in parts of U . 
Upon applying a Timoshenko-type theory at the initial stage of the motion, the con- 

tribution of Y and W in the first equation of the system (3.12) is negligible, and U can 
be found from Eq. PU = 0 [ll and 561. To the accuracy of this equation U is independ- 

ent of Rj. If B varies sufficiently slowly, then 

U=: 1/B(O)/B(E)Uo (3.16) 
whereu, is the solution of Eq. 

U0” _ ‘F uo” = 0 (3.17) 

In the case of thick shells, an analogous situation continues to exist even for compa- 
ratively large T, but elementary compression-tension theory of a bar of variable cross 
section yields a better approximation sufficiently far from the front r = E / f2 f 2 v. 

While W is small compared to U, it is admissible to omit it also from expressions for 
the tangential stress resultants of a Timoshenko-type theory. It is important to note here 
that the maximum amplitudes of W and I# at the beginning of the motion will be on the 

order of the relative thickness less than the maximum amplitudes of U . However, the 

growth in W as compared with U proceeds more-rapidly as z grows, than does the shell 

thinness. and hence, in the case of thin shells the mentioned approximate methods yield 
an approximate representation of only the displacement U for zsi . However, after the 
front r = E has passed the zone of practical damping of the simple edge effects of width 
u dependent on the relative thickness, another method of simplification turns out to be 

effective: partition of the state of stress into a membrane state and simple dynamic edge 
effects (Fig. la). The membrane state predominates in parts of U and I’ in domains 2 

and 3 . Let us note that the possibility of the mentioned ‘partition was given a founda- 
tion analytically in 1961 by Alumiae [SS], and is verified by an analysis of numerical 

results for different objects. 
An LT type effect in the case of a plate causes a deformation which is symmetric 

relative to the middle surface, and a Timoshenko-type theory as well as membrane the- 
ory become equivalent to elementary compression-tension theory of plates, which repla- 
ces the above-mentioned approximate theories in their domains of applicability. 

Let us now consider LM type effects by using Fig. lb in which the notation is the fol- 

lowing: I - elasticity theory, 2 - Timoshenko-type theory, 3 - Kirchhoff-Love theory 
(for shells), or Kirchhoff theory (for plates), 4 - low-amplitude oscillations (state of stress 
III), 5- Timoshenko-type theory for the evaluation of W; A, D, F are zones of state of 
stress I, E the zone of existence of the state of stress I\. 

From the viewpoint of the applicability and efficiency of the approximate methods 
of integration, the situation in zones F and A is the same as in the case of the LT type 
effect. For r >5+-i0 ‘t* a domain of very low amplitude oscillations exists beyond zone 
A. However, as the ratio r / E increases, the amplitudes again increase gradually for any 
z = const, and deserve practical attention at -0-S + 0+9 4. In this connection, a 
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domaiu D, where method 3 is effective, appears. With the exception of a rough calcu- 
lation of W in domain 5 , the TImoshenko-~~ theory assures more-or-less reliable 
results only in domain 2, where it can be replaced by Kirchhoff-Love theory for shells 

and by Kirchhoff theory for plates in domain 3 . At the beginning of the motion it is 
hence admissible to find ‘cr/ and I from the last two equations of the system (3.13). by 

neglecting the influence of U and utilizing nontangential boundary conditions. 
The coefffcients of such a system of equations, which are equivalent to the correspond- 

ing equations of Kirchhoff-Love theory, are independent of RI I and depend on the geo- 
metric parameters of the object only in termsof B. Hence, known numerical results for 
plane (B = const) and axisymmetric (B = 5) deformations of plates permit prediction 
of the character of the displacements, bending moments, and transverse force in the case 

of different shells of revolution. 
In particular, the mentioned quantities will be practically completely identical at the 

beginning of the motion for the plane deformation of a plane and the axisymmetric de- 

formation ofa circular cylindrical shell, and the deformation of shallow shells differs 

slightly from the axisymmetric deformation of plates. As z grows, the influence of Rj 
and u grows gradually in the case of shells, where the nontangential factors of the state 
of stress, which acquire the character of a simple edge effect, dominate iu region 2 . 
Hence, an effective partition of the state of stress into a membrane state and simple 

edge effects is possible in domain 3 for z>) 1. 
Let us turn to an examination of NW, NQ type effects by using Fig. lc in which the 

numbers 1 , . . . ,5 and the letterr,F, E are applicable in the same sense as in Fig. lb. 
The very essential difference from the case of the LM type effect is that the principal 
discontinuity now takes place on the ? = r;, front, consequently, a state of stress I origi- 

nates iu none B which can be investigated by methods I, 3, 4. Method 3 is effective 
in the domain D . A Timoshenko-type theory is applicable in the domain of Rayieigh 

surface waves behind the quasifront. In the rest of the domain the applicability of the 

approximate methods is the same as for the LM type effects. 
Let us now consider the question of the efficiency of methods of integrating equations 

of a Tim~he~o-~~ theory for LT, LM, NW, NQ effects. The remarks cited here refer 

equally to cases 2 and 3. It is known [l] that some modifications of method f$ (see 
Diagram), particularly the reduction of contour integrals to definite integrals on the lips 
of slits iu the plane of the complex transformation parameter, have been applied in the 

first papers devoted to using a Timosheuko-type theory in problems to compute plates. 

Extension of these methods to shells does not turn out to be expedient because of the large 
number of branch points. 

Finite difference methods 13, including the modification of the two-dimensional mesh 
method in which the main discontinuities exposed by the method 9 as well as the me- 
thod of characteristics are conserved, will he most effective at the beginning of the 
motion. When preliminary information exists on the wave process which will assure a 
successful selection of the approximating functions, the methods 12 are also very effici- 
ent. However, the volume of calculations grows approximately with +’ by methods 12, 
13, Hence, the application of the method 9 in the region of the main discontinuity mer- 

its attention for T > 1, and application of the method 8 far from the main discontinuity. 
A comparison of results according to methods 8 and 13 indicates that the method 8, 
realized in a first approximation, is applicable for plates and thick cylindrical shells for 
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T>10" 40, where the lower limit of applicability depends essentially on the quanti- 
ties under consideration. 

Exact solutions (method II inDiagram), or solutions guaranteeing a good approxima- 
tion in the whole range 5 < E,,, ‘G < k&, , exist for certain problems within the limits 
of the membrane theory, as well as the elementary theories of rods and plates. In the 

remaining cases, the methods 12, 13 are again effective at the beginning of the motion, 
and methods 8, Q for larger . 

C a se 4. Because of the smallness of the displacements, their displacements which 

have the greatest amplitudes in contracting zones (Fig. la) at the front z = k& and the 
quasifront z = k, 4 under LT, LM. LC type effects, and in the contracting zone (Fig. lb) 
at the front z = E for NW, NQ, NC type effects, are of principal interest. Methods 1, 2, 

4 should be applied at the fronts z = lc&, z = < I and method 3 at the quasifront z = 

=k,E. 
Finally, let us note that a shear coefficient kT= kR was assumed in the Timoshenko- 

type theory in the discussions made since, as a rule, this will assure the best results of 

approximating the dispersion relations used in realizing the method 8. However, some 
change in the numerical value of kT does not change essentially the limits of the well- 

founded applicability of this theory. 

4. Some g8nsrolfrationc. As before, let us speak of the evaluation of dis- 
placements, their first derivatives and the stresses. In the previous section it has been 

mentioned that effects which are smoothly distributed and nonequilibrated in the thick- 
ness of the shell or plate, will cause wave processes in the case 

2. (r) G i (4.1) 

for which the principal components (in the sense of the magnitude of the amplitudes of 

the desired quantities) of the state of stress can be approximated well enough by using 
a Timoshenko-type theory or simpler approximate theories. Satisfaction of condition 
(4.1) substantially guarantees “smoothness” of the excited elementary wave fronts in 
some sense, which assures the possibility of approximating the dependence of the princi- 
pal stress states on 5 by using smooth functions of 5 introduced into the considerations 

in constructing the approximate theories of shells and plates. Hence, there is a foundation 
to assume that satisfaction of condition (4.1) will be necessary also for a correct descrip- 

tion by using approximate theories of the displacements, their first derivatives, and the 

stresses in the case of a dis~ibuted effect, 
For example, let a wave process be excited by a normal loading (oaa) or a normal VelO- 

city (w’), whose distribution in g is given by the function G (E) on the surface 5 = 1 or 
p = -1 . Let us introduce into the analysis the index of variability of the effect in $ 

by means of I G’ (El I 
F(4)= maxIG(4)l (0 d 4 < Co) 

If condition (4.1) and the condition 
r(E)1(1 (4.3) 

are satisfied, then a Timoshenko-type theory yields a practically acceptable approxima- 
tion of the wave process in axisymmetric problems for shells of revolution, as well as in 

axisymmetric and plane problems for plates. If conditions (4.1),(4.3) are satisfied in 
the strong sense h 41, r 4 1, then as a rule, a Tim~he~o-~~ theory can be replaced 
by simpler theories. 
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The mentioned deductions are in good agreement with deductions on the applicability 

of approximate theories of asymptotic estimates relative to the index of variability of 
the state of stress. Such asymptotic estimates have been obtained, for example, in [67- 

-691 for dynamic problems of the computation of circular cylindrical shells. 
Method 6 which was acknowledged as inefficient in the preceding Sect. for the case 

of local loading, can be efficient if conditions (4.1),(4.3) are satisfied in a sufficiently 

strong sense, and condition (3.7) is not satisfied. If heI and & 1, then method 15' is 
most efficient in many cases. Hence, in particular, it follows that diagrams characteriz- 
ing the echo of sinusoidal pulses from spherical shells R1=Rz=R,, in water and in air, 

obtained in [l&70 and 711 on the basis of method 6, can be found for sufficiently thin 

shells by using the method 15 , and with a great deal less difficulty ; if the pulse wave- 

length exceeds the thickness of the spherical shell by a great deal, and R,/h >, 10, then 
it is sufficient to realize method 15 on the basis of membrane theory. 

A criterion of type (4.1) can easily be generalized also to the case of a wave process 
dependent on two coordinates of the middle surface. 
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DYNAMIC CHARACTERISTICS OF AN ELECTROMAGNETICALLY 

DRIVEN TRIGGER FtEGULATOR 

PMM Vol. 33, Np2, 1969, pp. 323-328 
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The dynamic characteristics of an electromagnetically driven trigger regulator with one 

pulse per period is considered for a model with one and a half degrees of freedom. The 

method of point transformations is used to find the decomposition of the parameter space 
into domains in each of which the system under investigation has the same qualitative 

structure of the decomposition of the phase space into trajectories. The parameter value 
ranges in which complex periodic motions occur in the system are established, 

1, The dynamfc model and equatfone of motfon. The motionof 
electromechanical trigger regulators with electromagnetic drive fl and 21 can be inves- 

@a I 4 
tigated with the aid of the following model. 

F?a I ’ Oscillator 1 of soft-magnetic material (Fig. 1) 

9 
oscillates under the action of the linear restoring 
force exerted by spring 2 and the pulses pro- 

,*f duced by interaction of the oscillator with pulse 
L I’ coil 3. As the oscillator moves from left to right, 

Fig. 1 
pin 4 makes contact with leaf spring 5 near 

the position of static equilibrium, bends it, and 
closes the electrical circuit through contact 6. During interaction of the magnetic field 
of pulse coil 3 with oscillator I (which is close to the coil at this instant), the latter 

received a mechanical impulse. As the oscillator continues to move forward (from left 
to right) leaf spring 5 slips out from under pin 4, the circuit is broken, and the pulse 
ceases. The electrical circuit is not closed during the reverse motion of the oscillator. 

We shall make the following simpli~ing assumptions. 
1, There is no sparking‘when the electrical circuit is broken, and the circuit resistance, 

which is finite with the circuit cfosed. becomes infinite as soon as the circuit is opened W. 


